Hahn polynomials are shown to arise in the (d + 1)-dimensional singular oscillator model as the overlap coefficients between bases associated to the separation of variables in Cartesian and hyperspherical coordinates. These polynomials in d discrete variables depend on d + 1 real parameters and are orthogonal with respect to the multidimensional hypergeometric distribution. The focus is put on the d = 2 case for which the connection with the three-dimensional singular oscillator is used to derive the main properties of the polynomials: forward/backward shift operators, orthogonality relation, generating function, recurrence relations, bispectrality (difference equations) and explicit expression in terms of the univariate Hahn polynomials. The extension of these results to an arbitrary number of variables is presented at the end of the paper.
Introduction
The objective of this article is to show that the multidimensional Hahn polynomials arise in the quantum singular oscillator model as the overlap coefficients between energy eigenstate bases associated to the separation of variables in Cartesian and hyperspherical coordinates and to obtain their properties from this framework. This offers an algebraic analysis of the multivariate Hahn polynomials which is resting on their interpretation as overlap coefficients and on the special properties of the functions arising in the basis wavefunctions. For definiteness and ease of notation, the emphasis shall be put on the case where the Hahn polynomials in two variables appear as the Cartesian vs. spherical interbasis expansion coefficients for the three-dimensional singular oscillator. It shall be indicated towards the end of the paper how these results can be extended directly to an arbitrary number of variables.
The Hahn polynomials in one variable, which shall be denoted by h n (x; α, β; N), are the polynomials of degree n in the variable x defined by [28, 30] h n (x; α, β; N) = (α + 1) n (−N) n 3 F 2 −n, n + α + β + 1, −x α + 1, −N 1 , where p F q is the generalized hypergeometric function [2] and where (a) n stands for the Pochhammer symbol (or shifted factorial) (a) n = (a)(a + 1) · · · (a + n − 1), (a) 0 ≡ 1.
These polynomials belong to the discrete part of the Askey scheme of hypergeometric orthogonal polynomials [28] . They satisfy the orthogonality relation
ρ(x; α, β; N) h n (x; α, β; N) h m (x; α, β; N) = λ n (α, β; N) δ nm , with respect to the hypergeometric distribution [21] ρ(x; α, β; N) = N x (α + 1)
where
are the binomial coefficients. The weight function (1) is positive provided that α, β > −1 or α, β < −N. The normalization factor λ n reads λ n (α, β; N) = α + β + 1 2n + α + β + 1 N! n! (N − n)! (α + 1) n (β + 1) n (N + α + β + 2) n (α + β + 1) n .
The polynomials h n (x; α, β; N) can be obtained from the generating function [28] 
h n (x; α, β; N) (α + 1) n (β + 1) n t n n! ,
or from the dual generating function [24] (−N) n n! (1 + t) N P (α,β) n
where P (α,β) n (z) stands for the classical Jacobi polynomials [28] . In mathematical physics, the Hahn polynomials are mostly known for their appearance in the Clebsch-Gordan coefficients of the su(2) or su(1, 1) algebras (see for example [36] ). However, these polynomials have also been used in the designing of spin chains allowing perfect quantum state transfer [1, 3, 37] and moreover, they occur as exact solutions of certain discrete Markov processes [21] .
The multivariable extension of the Hahn polynomials is due to Karlin and McGregor who obtained these polynomials in [25] as exact solutions of a multidimensional genetics model. This family of multidimensional polynomials is a member of the multivariate analogue of the discrete Askey scheme proposed by Tratnik in [35] and generalized to the basic (q-deformed) case by Gasper and Rahman in [9] . One of the key features of the polynomials in this multivariate scheme is their bispectrality (in the sense of Duistermaat and Grünbaum [6] ), which was established by Geronimo and Iliev in [15] and by Iliev [19] in the q-deformed case. Since their introduction, the multivariate Hahn polynomials have been studied from different points of view by a number of authors [20, 31, 40, 38] and used in particular for applications in probability [18, 26] . Of particular relevance to the present article are the papers of Dunkl [7] , Scarabotti [34] and Rosengren [33] , where the multivariate Hahn polynomials occur in an algebraic framework.
Here we give a physical interpretation of the multivariate Hahn polynomials by establishing that they occur in the overlap coefficients between wavefunctions of the singular oscillator model separated in Cartesian and hyperspherical coordinates. It will be seen that this framework provides a cogent foundation for the characterization of these polynomials: new derivations of known formulas will be given and new identities will come to the fore. The results presented here are in line with the physico-algebraic models that were exhibited in [13, 14] , [11] and [10] where the multivariate Krawtchouk, Meixner and Charlier polynomials were identified and characterized as matrix elements of the representations of the rotation, Lorentz and Euclidean groups on oscillator states. However the approach and techniques used in the present paper differ from the ones used in [13] , [11] and [10] as the multivariate Hahn polynomials do not arise as matrix elements of Lie group representations.
The outline of the paper is the following. In section 2, the singular oscillator model in three-dimensions is reviewed. The wavefunctions separated in Cartesian and spherical coordinates are explicitly written and the corresponding constants of motion are given. In section 3, it is shown that the expansion coefficients are expressed in terms of orthogonal polynomials in two discrete variables that are orthogonal with respect to a two-variable generalization of the hypergeometric distribution. This is accomplished by bringing intertwining operators that raise/lower the appropriate quantum numbers. In section 4, a generating function is derived by examining the asymptotic behavior of the wavefunctions and this generating function is identified with the one derived by Karlin and McGregor for the multivariate Hahn polynomials. Backward and forward structure relations are obtained in section 5 and are seen to provide a factorization of the pair of recurrence relations satisfied by the bivariate Hahn polynomials. In section 6, the two difference equations are derived: one by factorization and the other by a direct computation involving one of the symmetry operators responsible for the separation of variable in spherical coordinates. In section 7, the explicit expression of the bivariate Hahn polynomials in terms of univariate Hahn polynomials is obtained by combining the Cartesian vs. cylindrical and cylindrical vs. spherical interbasis expansion coefficients for the singular oscillator. The connection with the recoupling of su(1, 1) representations is explained in section 8. In section 9, the multivariate case is considered. A conclusion follows with perspectives on the multivariate Racah polynomials. A compendium of formulas for the bivariate Hahn polynomials has been included in the appendix.
The three-dimensional singular oscillator
In this section, the 3-dimensional singular oscillator model is reviewed. The two bases for the energy eigenstates associated to the separation of variable in Cartesian and spherical coordinates are presented in terms of Laguerre and Jacobi polynomials. For each basis, the symmetry operators that are diagonalized and their eigenvalues are given. The main object of the paper, the interbasis expansion coefficients between these two bases, is defined and shown to exhibit an exchange symmetry.
Hamiltonian and spectrum
The singular oscillator model in three dimensions is governed by the Hamiltonian
where α i > −1 are real parameters. The energy eigenvalues of H, labeled by the nonnegative integer N, have the form
and exhibit a
-fold degeneracy. The Schrödinger equation associated to the Hamiltonian (5) can be exactly solved by separation of variables in Cartesian and spherical coordinates (separation also occurs in other coordinate systems), thus providing two distinct bases to describe the states of the system.
The Cartesian basis
Let i and k be non-negative integers such that i + k ≤ N. We shall denote by |α 1 , α 2 , α 3 ; i, k; N C the basis vectors for the E N -energy eigenspace associated to the separation of variables in Cartesian coordinates. The corresponding wavefunctions read
n (x) are the standard Laguerre polynomials [28] and where the gauge factor G (α 1 ,α 2 ,α 3 ) has the form
The normalization factors
where Γ(x) is the gamma function [2] , ensure that the wavefunctions satisfy the orthogonality relation
where R + stands for the non-negative real line and where z * stands for complex conjugation. The Cartesian basis states are completely determined by the set of eigenvalue equations
0 ] = 0) associated to the separation of variables in Cartesian coordinates. These (Hermitian) operators have the expression
and correspond to the one-dimensional singular oscillator Hamiltonian. For notational convenience, the Cartesian basis states |α 1 , α 2 , α 3 ; i, k; N C shall sometimes be written simply as |i, k; N C when the explicit dependence on the parameters α i is not needed.
The spherical basis
Let m and n be non-negative integers such that m + n ≤ N. We shall denote by |α 1 , α 2 , α 3 ; m, n; N S the basis vectors for the E N -energy eigenspace associated to the separation of variables in spherical coordinates
In this case the corresponding wavefunctions are given by r, θ, φ|α 1 , α 2 , α 3 ; m, n; N S = Ξ
where P (α,β) n (z) are the Jacobi polynomials and where we have introduced the notation
ensure that the wavefunctions Ξ (α 1 ,α 2 ,α 3 ) m,n;N satisfy the orthogonality relation
The spherical basis states |α 1 , α 2 , α 3 ; m, n; N S are completely determined by the set of eigenvalue equations
where the eigenvalues λ The (Hermitian) operators Q (12) and Q (123) , which can be seen to commute with the Hamiltonian, have the expressions
In Cartesian coordinates, the spherical basis wavefunctions read
and the operators Q (12) , Q (123) have the form
where the J j are the familiar angular momentum operators
For notational convenience, the spherical basis vectors |α 1 , α 2 , α 3 ; m, n; N S shall sometimes be written simply as |m, n; N S when the explicit dependence on the parameters α i is not needed.
The main object
In this paper, we shall be concerned with the overlap coefficients between the Cartesian and spherical bases. These coefficients are given by the integral
Since the wavefunctions are real one has C i, k; N|m, n; N S = S m, n; N|i, k; N C .
One can write the expansion formulas |i, k; N C = m,n m+n≤N S m, n; N|i, k; N C |m, n; N S , (16a)
relating the states of the Cartesian and spherical bases. Since these states are orthonormal, the expansion coefficients satisfy the pair of orthogonality relations
Upon using the explicit expressions (6) and (13) of the wavefunctions in Cartesian coordinates and the property P (α,β) n (−z) = (−1) n P (β,α) n (z) satisfied by the Jacobi polynomials, it is directly seen from (15) that the expansion coefficients obey the symmetry relation
which allows one to interchange the pairs (i, α 1 ) and (k, α 2 ). This symmetry shall prove useful in what follows.
The expansion coefficients as orthogonal polynomials in two variables
In this section, it is shown that the overlap coefficients between the Cartesian and spherical basis states defined in the previous section are expressed in terms of orthogonal polynomials in the two discrete variables i, k. The expansion coefficients (15) can be cast in the form
(i, k; N) ≡ 1 and where we have defined (19) can be evaluated explicitly using the definition (15) of the overlap coefficients. Indeed, upon taking m = n = 0 in (15) with the expressions (6) and (13) for the wavefunctions, one finds
Upon using twice the addition formula for the Laguerre polynomials [2]
one obtains the relation
The use of the above identity in (20) along with the orthogonality relation for the Laguerre polynomials directly yields the explicit formula
With the help of the identity (a) n =
for the Pochhammer symbol, the above expression is easily cast in the form
Raising relations
We shall now show that the functions Q (19) are polynomials of degree m + n in the variable i, k by obtaining their raising relations.
3.2.1. Raising relation in m Consider the operator C (α 1 ,α 2 ) + having the following expression in spherical coordinates
Using the structure relation (B.4) for the Jacobi polynomials, it can be directly checked that one has
Consider the matrix element C α 1 , α 2 , α 3 ; i, k; N|C
; m, n; N −1 S . On the one hand, the action (23) and the definition (19) give
To obtain a raising relation, one needs to compute C α 1 , α 2 , α 3 ; i, k; N|C (α 1 ,α 2 ) + or equivalently (recalling that the wavefunctions are real) (C
† |α 1 , α 2 , α 3 ; i, k; N C . This computation can be performed in a straightforward fashion by writing (22) in Cartesian coordinates, acting on the wavefunctions (6) and using identities of the Laguerre polynomials (see appendix of [12] for the details of a similar computation). One finds as a result
Upon combining (24) and (25) and using (21), one arrives at the following contiguity relation for the functions Q
where c
are the coefficients given by the expression
.
Raising relation in n Consider the operator
defined as follows in spherical coordinates:
where Q (12) and Q (123) are given by (12a) and (12b), respectively. Using the structure relation (B.5) for the Jacobi polynomials as well as the eigenvalue equations (11), one finds that the action of the operator D (α 1 ,α 2 ,α 3 ) + on the spherical basis states is
Upon using the action (28) and the definition (15) of the overlap coefficients, one finds on the one hand
On the other hand, a direct computation shows that
Upon combining (29) and (30) and using (21), one obtains another contiguity relation of the form
Since by definition Q (26) and (31) allow to construct any Q
Writing up the first few cases, one observes that the Q (α 1 ,α 2 ,α 3 ) m,n (i, k; N) are polynomials of total degree m + n in the variables i, k.
Orthogonality relation
It is easy to see that the orthogonality relation (17a) satisfied by the transition coefficients C i, k; N|m, n; N S implies that the polynomials Q (α 1 ,α 2 ,α 3 ) m,n (i, k; N) are orthogonal. Indeed, upon inserting (19) in the relation (17a), one finds that the polynomials Q
with respect to the discrete weight function
are the trinomial coefficients. It is clear that the weight (32) is a bivariate extension of the Hahn weight function (1).
Lowering relations
It is also possible to obtain lowering relations for the polynomials Q
Lowering relation in m Let us first examine the operator
It is obvious from the definitions (22) and (33) 
. Furthermore, it is directly verified with the help of (B.2) that (33) has the action
Consider the matrix element
; m, n; N +1 S . Upon using (34) and the definition (19) , one finds on the one hand
† in Cartesian coordinates and acting on the wavefunctions (6), one finds on the other hand
Combining (35) and (36) using (19) and (21), the following lowering relation for the polynomials Q
Lowering relation in n Let us now consider the operator
Taking into account that (Q (123) ) † = Q (123) and (Q (12) ) † = Q (12) , it can be seen from the definitions (27) and (37) 
. In view of the relation (B.3) and using the eigenvalue equations (11), it follows that the action of the operator D
Consider the matrix element C α 1 , α 2 , α 3 + 2; i, k; N|D (α 1 ,α 2 ,α 3 ) − |α 1 , α 2 , α 3 ; m, n; N + 1 S . Using (38) and (15) , one can write
The action of (D
† on the Cartesian basis wavefunctions (6) can be computed with the result
Generating function
In this section, a generating function for the bivariate polynomials Q
is derived by examining the asymptotic behavior of the wavefunctions. The generating function is then seen to coincide with that of the Hahn polynomials, thus establishing that the polynomials Q
are precisely the bivariate Hahn polynomials introduced by Karlin and McGregor in [25] .
Consider the interbasis expansion formula (16b). Using spherical coordinates, it is easily seen from (6), (9) and (19) that this formula can be cast in the form
In (41), the expansion coefficients
are independent of the expansion point specified by the values of the coordinates (r, θ, φ).
Let us consider the case where the value of the radial coordinate r is large. Since the asymptotic behavior of the Laguerre polynomials is of the form
it follows that the asymptotic form of expansion formula (41) is
In terms of the variables z 1 = tg 2 θ cos 2 φ and z 2 = tg 2 θ sin 2 φ, the formula (42) reads
which has the form of a generating relation for the polynomials Q
The generating function (46) 
Recurrence relations
In this section, backward and forward structure relations for the bivariate Hahn polynomials are obtained using the raising/lowering relations of the Laguerre polynomials. These structure relations are then used to derive by factorization the recurrence relations of the polynomials Q
Forward structure relation in the variable i
To obtain a forward structure relation in the variable i, consider the first order operator
With the help of the relation (C.2) for the Laguerre polynomials, it is verified that the action of this operator on the Cartesian basis wavefunctions (6) is
Consider the matrix element S α 1 , α 2 , α 3 ; m, n; N|A
The action (47) gives on the one hand S α 1 , α 2 , α 3 ; m, n; N|A
Upon writing A (α 1 ) + in spherical coordinates and acting on (9), one finds
where the coefficients α, β, γ and δ are given by
Upon combining (48) with (49) and using (21), one obtains the forward structure relation in the variable i for the polynomials Q
Backward structure relation in the variable i
To obtain the backward structure relation in i, one considers the operator
It is clear that (A
∓ . In view of (C.1), it follows that the action of A (α 1 ) − on the Cartesian basis wavefunctions is simply
Consider the matrix element S α 1 + 1, α 2 , α 3 ; m, n; N − 1|A
The action of (A
† on the states of the spherical basis is given by
where the coefficients are given by (50). Combining (54) and (55), we obtain the following backward structure relation in the variable i for the polynomials Q
Forward and backward structure relations in the variable k
To obtain the forward and backward structure relations analogous to (51) and (56), one could consider the operators
and follow the same steps as in subsections (5.1) and (5.2). Alternatively, one can effectively use the symmetry relation (18) to derive these relations directly from (51) and (56) without additional computations. Upon using (18) on (51), one finds the forward structure relation
Note the permutation of the parameters (α 1 , α 2 ) in the coefficients α, β, γ, δ and the sign differences. With the help of (18), one obtains from (56) the second backward structure relation
The backward and forward structure relations (51), (56), (57) and (58) are of a different kind than those found in [32] , which do not involve a change in the parameters.
Recurrence relations for the polynomials
The operators A (α 1 ) ± and the symmetry relation (18) can be used to construct the recurrence relations satisfied by the bivariate Hahn polynomials Q (α 1 ,α 2 ,α 3 ) m,n (i, k; N). To that end, consider the matrix element S α 1 , α 2 , α 3 ; m, n; N|A
The actions (47) and (53) give S α 1 , α 2 , α 3 ; m, n; N|A
Note that A 
where the coefficients are given by (50); the explicit dependence on the parameters α i and N has been dropped to facilitate the reading. The second recurrence relation in k is directly obtained using the symmetry (18) . One finds
where thex coefficients correspond to (50) with α 1 ↔ α 2 . For reference purposes, it is useful to explicitly show the coefficients appearing in the recurrence relations (60) and (61). The recurrence relation (60) can be written as
with a m,n and c m,n given by a m,n = 
As for the relation (61), it can be written as
wherex m,n is obtained from x m,n by the permutation α 1 ↔ α 2 .
Difference equations
In this section, the difference equations satisfied by the Hahn polynomials are obtained. The first one is obtained by factorization using the intertwining operators that raise/lower the first degree m. The second difference equation is found by a direct computation of the matrix elements of one of the symmetry operators associated to the spherical basis.
First difference equation
To obtain a first difference equation for the bivariate Hahn polynomials, we start from the matrix element C α 1 , α 2 , α 3 ; i, k : N|C
are the operators defined by (22) and (33) . In view of the actions (23) and (34), it follows that
. Upon using the formulas (25) and (36) giving the actions of C (α 1 ,α 2 ) ± on the Cartesian basis wavefunctions, one finds
Combining (62) with (63) and using the explicit expression (21) for the amplitude W
, one finds that the bivariate Hahn polynomials satisfy the difference equation
where the explicit dependence on the parameters α i and N was omitted to ease the notation. Defining the operator L 1 as
with coefficients
and where T ± i f (i, k) = f (i ± 1, k) (and similarly for T ± k ) are the shift operators and I stands for the identity operator, the difference equation (64) can be written as the eigenvalue equation
Second difference equation
It is possible to derive a second difference equation for the bivariate Hahn polynomials. To that end, consider the matrix element C α 1 , α 2 , α 3 ; i, k; N|Q|α 1 , α 2 , α 3 ; m, n; N S , where Q is defined by
with Q (123) given by (12b). It follows from (11) that
Upon writing Q (123) in Cartesian coordinates (see (14) ) and acting on the Cartesian basis wavefunctions, a straightforward calculation yields α 2 ,α 3 ) i,k−1;N , (67) where the coefficients are of the form
Combining (62) and (67) with the formula (21), one finds that the bivariate Hahn polynomials Q
(i, k; N) satisfy the following difference equation:
where the explicit dependence on N and α i was again dropped for convenience. One can present the difference equation (69) as an eigenvalue equation in the following way. We define the operator
Then (69) assumes the form
Expression in hypergeometric series
In this section, the explicit expression for the bivariate Hahn polynomials Q (α 1 ,α 2 ,α 3 ) m,n in terms of the Hahn polynomials in one variable is derived. This is done by introducing an ancillary basis of states corresponding to the separation of variables in cylindrical coordinates and by evaluating explicitly the Cartesian vs. cylindrical and cylindrical vs. spherical interbasis expansion coefficients in terms of the univariate Hahn polynomials.
The cylindrical-polar basis
Let p and q be non-negative integers such that p ≤ q ≤ N. We shall denote by |α 1 , α 2 , α 3 ; p, q; N P the basis vectors for the E N -energy eigenspace associated to the separation of variables in cylindrical-polar coordinates
In these coordinates, the wavefunctions have the expression
3 ), (72) where the normalization factors (7) and (10) ensure that the wavefunctions (72) satisfy the orthogonality condition
In Cartesian coordinates, the wavefunctions of the cylindrical basis take the form
The cylindrical/Cartesian expansion
Let us obtain the explicit expression for the expansion coefficients P p, q; N|i, k; N C between the states of the cylindrical-polar and Cartesian bases. These expressions are already known (see for example [27] ) but we give here a new derivation of these coefficients using a generating function technique [4, 12, 17] . Upon comparing the formulas (6) and (73) for the Cartesian and cylindrical-polar wavefunctions, it is clear that one can write P p, q; N|i, k; N C = δ q,i+k P p; q|i; q C , where P p; q|i; q C are the coefficients appearing in the expansion formula
Since the coefficients P p; q|i; q C are independent of x 1 , x 2 , the expansion formula (74) holds regardless of the value taken by these coordinates, i.e. (74) is a formal expansion. Let us set x 
and Gauss's summation formula [2] as well as taking x 2 2 = u, one finds that the expansion formula (74) reduces to the generating relation
The above relation can be written as
Comparing (75) with the generating function (3) of the one-variable Hahn polynomials, it is easily seen that
where ρ(x; α, β; N) and λ n (α, β; N) are respectively given by (1) and (2). The complete expression for the overlap coefficients P α 1 , α 2 , α 3 ; p, q; N|α 1 , α 2 , α 3 ; i, k; N C between the states of the cylindrical and Cartesian bases is thus expressed in terms of the Hahn polynomials h n (x; α, β; N) in the following way:
The spherical/cylindrical expansion
Upon comparing the expressions (13) and (73) giving the wavefunctions of the spherical and cylindrical-polar bases in Cartesian coordinates, it is easy to see that the overlap coefficients S m, n; N|p, q; N P between these two bases is of the form S m, n; N|p, q; N P = δ mp S n; N|q; N P , where S n; N|q; N P are the coefficients arising in the expansion
Taking x 2 1 = 0 in (77) and comparing with (74), it is easily seen that the complete expression for the overlap coefficients between the spherical and the cylindrical-polar bases are given by S α 1 , α 2 , α 3 ; m, n; N|α 1 , α 2 , α 3 ; p, q; N P = δ mp ρ(q − m; 2m + α 12 + 1,
The expansion formulas (76) and (78) can be combined to obtain the explicit expression for the bivariate Hahn polynomials in terms of the univariate Hahn polynomials. Indeed, one can write
With the expression (21), one finds the following expression for the polynomials Q
are the normalization coefficients defined in (45). The explicit expression (80) for the bivariate Hahn polynomials Q (α 1 ,α 2 ,α 3 ) m,n (i, k; N) corresponds to Karlin and McGregor's [25] . From the results of this section, it is clear that the complete theory of the univariate Hahn polynomials could also be worked out from their interpretation as interbasis expansion coefficients for the two-dimensional singular oscillator.
Algebraic interpretation
In this section, an algebraic interpretation of the overlap coefficients between the Cartesian and spherical bases is presented in terms of su(1, 1) representations. It is seen that these overlap coefficients can be assimilated to generalized Clebsch-Gordan coefficients, a result that entails a connection with the work of Rosengren [33] . The su(1, 1) algebra has for generators the elements K 0 and K ± that satisfy the commutation relations [16, 36] 
The Casimir operator C, which commutes with every generator, is of the form
Let ν > 0 be a real number and let V (ν) denote the infinite-dimensional vector space spanned by the basis vectors e (ν) n , n ∈ {0, 1, . . . , }. If V (ν) is endowed with the actions
then V (ν) becomes an irreducible su(1, 1)-module; the representation (83) belongs to the positive discrete series [36] . On this module the Casimir operator acts as a multiple of the identity
n , as expected from Schur's lemma. Consider three mutually commuting sets {K
± }, i = 1, 2, 3, of su(1, 1) generators. These generators can be combined as follows to produce a fourth set of generators:
There is a natural representation for this realization of su(1, 1) on the tensor product space
; in this representation each set of generators {K
A convenient basis for this module is the direct product basis spanned by the vectors e (ν 1 ) also belonging to the positive-discrete series. To perform this decomposition, one can proceed in two steps by first decomposing
for each occurring values of ν 12 . A natural basis associated to this decomposition scheme, which we shall call the "coupled" basis, is provided by the vectors e 
where C (12) is the Casimir operator associated to the decomposition of
with K
± and where C (123) is the Casimir operator associated to the decomposition of V (ν 12 ) ⊗ V (ν 3 ) :
It is well known (see for example [5] ) that the occurring values of ν 12 and ν are given by
where m, n are non-negative integers. The direct product and coupled bases span the same representation space and the corresponding basis vectors are thus related by a linear transformation. Furthermore, since these vectors are both eigenvectors of K , then for each N one has
where i, k are positive integers such that i + k ≤ N. The coefficients C (ν 1 ,ν 2 ,ν 3 ) m,n (i, k; N) are generalized Clebsch-Gordan coefficients for the positive-discrete series of irreducible representations of su (1, 1) ; the reader is referred to [5, 36] for the standard ClebschGordan problem, which involves only two representations of su(1, 1).
Connection with the singular oscillator
The connection between the singular oscillator model and the combination of three su(1, 1) representations can be established as follows. Consider the following coordinate realizations of the su(1, 1) algebra
where i = 1, 2, 3. A direct computation shows that in the realization (89), the Casimir operator C (i) takes the value ν i (ν i − 1) with
It is easily seen from (5) . One can check using (6) and (89) that the states |i, k; N C of the Cartesian basis provide, up to an inessential phase factor, a realization of the tensor product basis in the addition of three irreducible modules V (ν i ) of the positive-discrete series. Hence we have the identification
with ν i given by (91). Upon computing the Casimir operators C (12) and C (123) in the realization (89) from their definitions (85) and (86) and comparing with the operators Q (12) and Q (123) given in Cartesian coordinates by (14) , it is directly checked that
It is also checked that the eigenvalues (11) correspond to (87) and thus we have the following identification between the spherical basis states and the coupled basis vectors:
In view of (88), (92) and (94), the interbasis expansion coefficients between the spherical and Cartesian bases
given in terms of the bivariate Hahn polynomials Q
where the ≃ symbol is used to account for the possible phase factors coming from the choices of phase factors in the basis states.
Multivariate case
In this section, it shown how the results of the previous sections can be directly generalized so as to find the Hahn polynomials in d-variables as the interbasis expansion coefficients between the Cartesian and hyperspherical eigenbases for the singular oscillator model in (d + 1) dimensions.
Cartesian and hyperspherical bases
Let α = (α 1 , . . . , α d+1 ) with α i > −1 be the parameter vector and consider the following Hamiltonian describing the (d + 1)-dimensional singular oscillator:
The energy spectrum E N of this Hamiltonian is of the form 
where x = (x 1 , . . . , x d+1 ) is the coordinate vector and where the gauge factor
. With the normalization coefficients ξ
n as in (7) one has
Let n = (n 1 , . . . , n d+1 ) with n d+1 = N − d k=1 n d and let |α; n S denote the states spanning the hyperspherical basis. In Cartesian coordinates, the corresponding wavefunctions are given by
where the following notations were used:
The normalization factors ξ
n given by (7) and η
given by (10) ensure that one has
It is directly seen that the wavefunctions of the hyperspherical basis are separated in the hyperspherical coordinates
. .
The operators that are diagonal on (96) and their eigenvalues are easily obtained through the correspondence (93) with the combining of d + 1 copies of su(1, 1); they correspond to the Casimir operators C (12) , C (123) , C (1234) , etc. The overlap coefficients between the Cartesian and hyperspherical bases are denoted C α; i|α; n S and are defined by the integral
from which one easily sees that C α; i|α; n S = S α; n|α; i C .
The overlap coefficients provide the expansion formulas
between the hyperspherical and Cartesian bases. Since the Cartesian and hyperspherical basis vectors are orthonormal, the interbasis expansions coefficients satisfy the discrete orthogonality relations |i|=N S α; n ′ |α; i C C α; i|α; n S = δ nn ′ , |n|=N C α; i ′ |α; n S S α; n|α; i C = δ ii ′ .
Interbasis expansion coefficients as orthogonal polynomials
The interbasis expansion coefficients can be cast in the form
is defined by
with 0 = (0, · · · , 0, N). The explicit expression for (100) is easily found by repeatedly using the addition formula for the Laguerre polynomials on the hyperspherical wavefunctions (96) in the integral expression (98). One then finds
are the multinomial coefficients. The explicit formula for the complete interbasis expansion coefficients (99) in terms of the univariate Hahn polynomials can be obtained by introducing a sequence of "cylindrical" coordinate systems corresponding to the coordinate couplings ( x 1 , x 2 ), (x 1 , x 2 , x 3 ) , etc.. Upon using (100), one finds in this way that the Q (α) n (i) appearing in (99) are of the form
m is an easily obtained normalization factor and where the notations (97) have been used. It is directly seen from (102) that the functions Q n (i) can be derived using the same methods as in the previous sections.
Conclusion
In this paper, we have shown that Karlin and McGregor's d-variable Hahn polynomials arise as interbasis expansion coefficients in the (d + 1)-dimensional singular oscillator model. Using the framework provided by this interpretation, the main properties of the bivariate polynomials were obtained: explicit expression in univariate Hahn polynomials, recurrence relations, difference equations, generating function, raising/lowering relations, etc. The connection between our approach and the combining of su(1, 1) representations was also established.
A natural question that arises from our considerations is whether a similar interpretation can be given for the multivariate Racah polynomials, which have one parameter more than the multivariate Hahn polynomials. The answer to that question is in the positive. Indeed, the multivariate Racah polynomials can be seen to occur as interbasis expansion coefficients in the so-called generic , and the (d −1)-variate Racah polynomials arise as the overlap coefficients between bases associated to the separation of variables different hyperspherical coordinate systems. In the d = 2 and d = 3 cases, this result is contained (in a hidden way) in the papers [23] and [22] of Kalnins, Miller and Post; these papers focus on the representations of the symmetry algebra. We shall soon report on the characterization of the multivariate Racah polynomials using their interpretation as interbasis expansion coefficients for the generic (d + 1)-parameter system on the d-sphere.
The orthogonality weight ω 
